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-ABSTRACT 
t,i.pviJ..l's active R-C two port (Figure 1) is capable 
: ., .. 
r 
of realizing short-circuit trans:fer ad.mi ttances or open- ' ' . }, 
circuit transfer impedances.(!) Appropriate choiee of 
network A or B (Twin-Tee) makes possible the realization 
of j w axis tran·smission zeros. ( 2 ) 
This paper will prove that the realization o:f any 
transfer admittance (its zeros and poles being located 
anywhere along the negative real axis) can always be performed 
. simultaneously with the realization of any pair of R-C 
driving point short-circuit admittances. The only condition 
is that the given Y11 , Y12 , and Y22 have the same poles. 
Under certain restrictions, a jwaxis transmission 
zero can be specified along with an arbitrary positive-real 
Y22 • Both ~unctions must have the same poles • 
. ~-.. :~·:;. 
---:·!~-
·..:...: . .-~· 
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INTRODUCTION 
Calculation of the Linvill structure's 
short-circuit admittances 
. I 
In the Linvill active R-C rilter structure of 
* 
1 
Figure 1, assume the NIC conversion factor, k, to be 
unity. The four network admittances of the structure 
will be computed in terms of they-parameters of networks 
A and B. These will be defined as 
Y11a' Y12a' Y21a' and Y22a 
and Y11b' Y12b' Y21b' and Y22b 
for network A 
for network B 
Calculations will be performed first using a voltage-
inversion negative-impedance converter. Figure 2 describes 
the different voltages and currents appearing at the input 
and output of each of the three networks. 
The four short-circuit admittances Y .. of the whole 
1J 
structure, are defined by the following relationships: 
port, 
yllb' 
(1) 
Recalling that y12 = y 21 for any passive R-C two 
these 
Y12b' 
Yij's will be functions of ylla' y 12a' Y22ai 
and y 22b ·only._ 
~ .. \ 
., ... 
l 
* See ·Appe.ndi:x A· f:o~ a 'disc.U:ssion. of the negative-impedance 
converter (-NIC) ~ 
' 1,_ . ' . 
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l' 
App.1yi\ig. equations .( 1) to both networks A and B 
-.~ea~s to the :following pair of two-port relationships: 
Network A Network B 
, I 
2 
So1ving ror e1 and i 1 in equations (2), substituting 
into equations (J) and solving for I 1 and I 2 gives two 
relationships of the type of equations (1). Coexficients 
of E1 and E2 yield the fellowing ad.mi ttance parameters: 
Y11aYllb - AYa 
..... ''. .... 
-
yllb - Y22a 
(4) 
\ 
Y12a Yi2b 
y 12 = Y11b - Y22a 
Performing the same calculations with a current-
inversion NIC yields equations which dif~er from equations 
(4) only in the signs of Y12 and Y21 • Because o~ this " . 
similarity, the synthesis procedures are independent of' 
the choice of NIC. In this paper, the vo1tage-inversion 
NIC wi11 be assumed f"or all examples. In both cases, 
Y12 = -Y21 ; in addition since networks A and Bare passive, 
and 
It will be shown that it is always possible to realize 
simultaneously two driving-point admittances and an arbitrary 
: .,...,. c , -,r, e --! 
I 
I 
l' 
' ; . 
transfer admittance subject to the restriction the trans£er-
admittance poles and zeros must lay on the negative real axis . 
.. 
·llit. ~ 
, .. f,. 
' 
. ,, 
..:_~~.,, ·. 
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I. SYNTHESIS OF A TRANS-FER ADMITTANCE 
AND TWO R-C DRIVING-POINT ADMITTANCES 
. . ~ 
AS can be seen in eqUatiens (4), all these Yij 
have the same denominator; hence the prescribed parameters 
will have to have the same poles. The second condition 
to be met is for both Y12 and Y21 to be equal and of 
opposite signs. 
Assume. both Y11 and Y22 to be R-c(*) and Y12 and 
Y21 to have only negative real axis zeros, then define 
these :four parameters in terms o:f their constituent 
polynomials as: 
y = 
-11 
where P12 = -P21 
Choose a polynomial q, with negative real axis zeros 
only, and 0~
0 
order equal to the highest order of all Pij 
and Q. ~fore -speci:fic requirements ror q will be developed 
later. 
* .The notation R-C is used in this paper to mean. a f'uncti·on 
having alternate zeros and poles on the negative rea1 axis, 
the first critical frequency being a zero. 
: __ · : '_._'.L ' ,, 
- '\.;, 
,. 
!'. 
-,-i. 
.. ...~ ... 
• ...... - • ,.._ __ '#« •• ,yr""'' " Ir • 
. '!' 
_Equations {4) may be re-written as: 
• 
yll 
pll pll/q Y11a yllb-AYa 
-
- .. 
-Q' -·· 
L Q/q yllb-y22a 
yl2 
pl2/q Y12a Y12b 
- Q/q - .. - Y11b-Y22a (5) 
Ayb-y 22aY 22b 
-
These three relationships yield :four equa·tions which 
must be satisfied ir the network is to be realizable. 
. ,... ·, 
Those equations are: 
- I SO 
Q 
q 
q 
(6) 
l7) 
(8) 
(9) 
They shall be examined one at a time. 
= Y12a Y12b lEquation 7) 
Break up pl2 and q into two polynomials 
pl2 - pl2 ' X p " - 12 
and q - q' X q" 
Then pl2 pl2! pl2 n 
- X - Yi2aY12b - q' q" -q 
,_· .:!' .. 
.5 
I 
l 
f 
j 
.\ 
' I 
··~ 
: 
'"•~ ..... , 
, ...• - ,.../ ::. 
.. ( '• 
There is no specific requirement for the location 
of the ieros 0£ q with respect to those of P12 other than 
that they be on the negative real axis. Alteration, for 
example, is not necessary. This break-up can therefore 
always be performed and y12a and y12b may be defined as: 
Q 
Cl 
(10) 
\Equation 9) 
Assume that yllb and y 22a have the same poles as 
Y 12b and y 12a,!1 re spec ti vely. Then 
q" 
Y22a 
y22a = q' 
Yllb and Y22a being polynomials. 
·-
(11) 
Now expand Q q in partial fractions and assign the 
6 
positive residue terms to yllb and the negative ones to 
y22a. Should this expansion lack terms which appear in 
the poles of y 12a and y12b, an arbitrary addition of terms 
with the proper poles may be made to y 22a and yllb 
simultaneously, making equation (9) always valid. 
Recalling that 
(Equation 6) 
(Equation 8) 
and setting 
...J JI' 7''•;'' '.'-I ,. \. 
' :, J ,, 
11 :: 
'f ll~;"l ' 
_:] .. 
I 
~·~~ 
··~·. 
,· 
ylla yllb Y11a= , q' Y11b= q" 
pl2 ' p12 " and y = q' Y12b= q" 12.~ 'a', 
'· ·1· 
y 
22a y22b Y22a= q' Y22b= q" 
Equations (6) and (8) then become: 
-
"2 q 
-
-
p "2 
12 
-
+ 
p '2. 
12 
q ,2 
Y22ay22b 
q 
··The expression :Car pll can be rewritten as: 
q 
P I 2 llq 
. 2 
qq' 
-
2 2 yllayllbq' -Y y q'q"+P I q'q" . lla 22a 12 
• 
2 qq' 
7 
Simplifying both numerator and denominator and solving 
for Ylla yields: 
P t p '2 11 q - 12 
Equations (9). and (10) make another simpliCication 
possible. 
~Finally: ylla= 
2 p q'-P ' q" 11 12 
Q (12) 
Similarly, .the expression f"or P 22 can be transrormed, 
q 
and solving for Y22b yields: 
2 p q" - p " q' 22 12 (lJ) .. Q 
Ji~~~~------~-
J:1 
I 
l 
. I 
i 
8 
The three short-circuit admittances of beth networks 
A and B, in terms af the given polynomials Pij' Q, and q are: 
Network A· Network B 
pllq' - p t 2 .. 12 q yllb 
Y11a= q'Q Y11b= 
-q" 
pl2 ' p12 " 
Y12a - Y12b= - q' q" 
y22a p22q" - p ... 2q, 12 
· Y 22a= q' Y22b= q"Q 
Y22a and Yllb having been obtained from the partial 
Craction expansion of Q/q. 
In order to determine ~he basis Cor the choice of 
the roots of q, rewrite ylla as: 
p q' - p ,2q" 11 12 
-
- -
p ,2" 12 q 
q'Q 
ylla is the driving-point admittance of netw•rk A 
and must~ therefore, have R-C preperties. Pll is R-C, by 
Q 
definition. A partial fraction expansion of the second 
term, above, yields: 
A B 
-Y11a= -q' + -Q 
The term in parentheses 
of q', which does not appear 
has 
. 1n 
a pole defined by the 
pll. This term is not 
{l 
matched by any positive residue. Hence, ylla cannot be 
R-C unless q' is eliminated from it. 
by assuming:· 
- ~·· .-. ·,· .. , ·•. ' ,, ": .; ; ... 
This can be done 
zero 
I ; 
.ic: 
) 
,; 
1 
q'= k' p12 1 (14) 
k' being a constant. 
Now: pll - k'P12'q" 
Y11a= Q 
Since for k'~O ylla is R-C, k' can always be made 
su:f:fic'iently small (positive or negative) to make the 
zeros of P11 - k
1 P12 'q" alternate with those of Q. 
The same process can be followed to transform y 22b. 
Choose the second portion of q lq") to have aLl the zeros 
Hence, if' q" = 1 k" p " 12 
p22 - k"P12"q' 
Y22b = Q 
•, 
(15) 
Here, teo, k" can be made sufficiently small {positive 
or negative) to allow y 22b to be R-C. 
q has, therefore, to be chosen as: 
1 q
- q'q" - pl2 
- - k'k" 
Two points should be checked before stating that this 
synthesis can always be performed. 
1. It has been sho~n that, by an appropriately 
small choice o:t· k O and k", Ylla and Y22b can 
al.ways be made R-C. 
• 
2. According to equations l14J and ll5J, k' and k" 
must be negative {the transt·er admittance of a 
passive network must have a negative sign). 
But their absolute value can always be made 
sufficiently small to make Ylla and Y22b-R-C._ 
If, ... ·-· 
. •' 
'' 
D .. ~ '::i 
... 
• 
II. SYNTHESIS OF THREE POSITIVE REAL 
FUNCTIONS USING LINVILL 1 S ·STRUCTURE t 
Once more choose 
The important propertie.s of a positive real :function 
F are::(J) 
F must have real coeff'icients. 
10 
1. 
2. k Ass approaches infinity, F must approach;, k, or ks, k being ~ny positive constant. 
3. I:f F has poles on the jw axis, they must be simple 
and have positive residues. 
\_-
4. F must be an~lytic in the right hand plane. 
5. The real part of' F ( jw) must be positive :for any w. 
These are the characteristics of' the Y11 and Y22 , 
which are to be realized using Linvill's structure. There 
is no need to check all five properties. The second one 
alone is su~£icient to prove that this realization is never 
possible. 
Recalling the expressions for Yila and Y22b. 
' Q Q 
" P 12 'q~ ~can be rewritten as p· 
' 
1 p12~ 12 
-k" 
-k'P 'q" then becomes k' pl2 M pl2 - - -k" -12 
M being a positive COIJstant (k' and k" are both negative) • 
. \.', 
;._ ... 1 
.:·.,," 
,,'. -·",-<•,·'-'. 
'if;.'' 
( 
..... 
11 
If either Pll or Pl2 approaches~ at infinity (permissable· Q Q 8 in a positive-real __ :function), then ylla cannot be R-C. 
Thus, it can be seen that Pll must be an R-C driving-point Q function, as was assumed in the first section af this paper. 
The same conditions hold for 
Y22b = 
p 
- M' ~2 
Therefore, it is impossible to realize three arbitrary 
(non R-C) positive-real short-circuit admittances 
simultaneously using the Linvill structure. 
.• ~.· 
' ~ ., .... 
-'I 
_.,I 
':l 
; I 
III. REALIZATION OF Jw AXIS TRANSMISSION ZEROS AND 
ONE OR TWO DRIVING-POINT FUNCTIONS, 
USING THE LINVILL STRUCTURE 
It a network such as the Twin-Tee is used, for 
either network A or B, it will realize the desired jw 
12 
axis transmission zero.( 2 ) The question arising is whether 
or not Y11 , Y22 , or both may be assigned arbitrarily. 
Figure CI shows a typical R-C Twin-Tee circuit ( See 
Appendix C for an analysis o~ the Twin-Tee). In terms 
ef the circuit elements, the short-circuit admittances 
are, if the Twin-Tee is assigned to network A. 
C 2 
Y11a=Y22a= 
-s 2 
C 2 
-s 2 
2 
8 + RC 1 
(16) 
(17) 
The driving-point function can always be expanded 
the following way: 
Y -y - A+ Bs + lla- 22a-
The four necessary conditions for the Linvill 
structure are: 
i -
- q ti q I q 
{18) 
(19) 
1·-i. 
p11q' -
Y11a - q'Q 
I 
p22q" -
Y22b - q"Q 
··-···· .. 
-p ' 12 
Y12a = q' 
pl2" 
Y12b =_ q" 
2 p ' q" 12 
p .. 2q, 
12 
1) 
(20) 
{21) 
(22) 
The Twin-Tee being assigned to network A, P12 • must 
contain that Jw axis zero. 
Now consider each of these :four equations. 
p12 
p '/q' 
Y12a - 12 - {Equation Y12aY12b - Q p "/q" 
Y12b - 12 -
The order o~ q is ebosen to be equal to that of the 
p 
highest order among Q and the different P 1 j•s. Since 
P 12 • contains the jwaxis zero, q' must be of' the first 
order to satisfy equation (17). The choice 0£ q' de~ines 
all the elements of the Twin-Tee. 
"' 
Choose q" to be of the sam.e order as pl2 " • 
~ yllb y22a 
-
20) 
- q 11 q - q' lEquation 19) 
' it 
Recalling that 
~maybe expanded in partial fractions, positive terms q 
being assigned to yllb and negative ones to y 22a. If 
necessary, an arbitrary function may be added to both 
Yllb and y 22a to make 
Y22a =A+ Ba+ 
Cs 
2 
s+C R 
1 
as stated in Equation 
q' is determined • 
(18). This can be done only once 
. . ,'"·''.•,,. 
·) 
•; 
,; 
' \ 
. .. .. .. ~ 14 . 
p q I - p I 2qtt 
i 11 12 
lEquation 21) 
Now, expand B + -Q 
where A and Bare polynomials ins and where!. must 
q' be equal to the actual Yiia· 
.Examine, first, the case when P12 n and q" are 
comstants. 
. 2 Since P12 • q" is of fourth order, P11q
1 must 
be at least of the same order to make ylla R-C {positive 
leading coefficient). For the same reason (R-C require-
ment) it is necessary to have four specific zeros to the 
.1 . 1 p 'p ,2" po ynom1a llq - 12 q • This requires five adjustab1e 
constants; however, there are only three available from 
the de:fini tion of' q" and q' • Namely, 
q" = -D q' = -(As + B) 
I:f P 12 n and q'_~;-are.:not constants but polynomials in 
s, the order of P11q•-P12 •
2q" is increased, requiring 
still more arbitrary constants. Hence, it may be 
that it is impossible to assign an arbitrary Y11 = 
simultaneously with a jw axis transmission zero. 
2 p qt• - p " q' 
concluded 
pll 
Q 
22 12 (Equation 22) Y22b = q"Q 
This study is restricted to the case when q' is chosen 
to be a fi-'fst order polynomial and q" a constant. Hence, 
q' = -(As +B) 
q'' = -D 
A, B, and D being arbitrary positive constants. 
•' 
/ 
-,, 
:, 
,' 
~~ 
'I, 
' !,', 
r' ·,, 
) .. -
1· ( .-
-:: .:.~ 
--
,... ·~ ' -·' 
15 
p12" Since y12b= q" , P12 n is to be-constant. The 
order of' P 22 may not exceed the order of Q by more than· 
one, but both may be equal. Besides, Q may not have a 
zero at the origin, because if it has, Y22b can no longer 
be made R-C. / 
Four simple cases will be studied, involving p22 
and Q of orders 1, 2, and J only. 
a. P22 and Q of order 1 
De:fine the polynomials included 
-
of' Y22b as: 
p22 - as + b " q 
Q 
- es + f q' -
pl2 " - k -
• the expression 1n 
- -D 
- -(As + B) 
Capital letters describe positive coefficients to 
·-be :found to make y 22b R-C. Small letters indicate given 
' coefficients, which are also positive. Substituting into 
equation (22) yields: 
2 
_ -(as+b)D+k ~As+B) Y22b -
-D(es+f 
2 2 
_ s(aD-k A)+~bD-k B) 
- D( es+f __ 
y 22b certainly will be R-C iC its numerator is given a 
zero at the origin by letting 
bD - k 2B = 0 
Band D can always be found positive to satisfy 
this equation. The inequality 
aD - k 2A-,O · 
\ 
--------------.-........ -.· ---------···---------·· .. ---·-· --_______ -- ~;--~:"?JI 
'I 
.,.' -· .. ,;,. ,; 
I I . 
\ 
I 
i 
:._· 
.. 
16 . I 
.,J' 
must be satisfied i:f y 22b is to approach a positive constant 
at infinity. D bei·ng known positive, A can always ·be 
determined positive to satisfy this relationsbip. This 
case is, therefore, always realizable. 
b. P 22 of order 2, Q ot order 1 
Define P22 = (as+b)(cs+d) 
Q = (es+f) 
q' and q" defined as in previous case. 
(22) yields: Substituting into equation 
-(as+b)(cs+d)R+k2 (As+B} _ 2( ( 2 2 sacD)+s Dbc+Dd~-k A)+(bdD-k B) 
D(es+f) -D(es+f) -
A zero can always be created at the origin by l~tting 
2 bdD=-k B = o 
The second zero, 
Dbc+Dda-k2A 8 = «lb 
acD 
f , which yields: 
- -
must be less than 
e 
2 Dbc+Dda-k A> .f. 
acD e 
b d f Provided that - + - >- A can always be found a. c e' 
,. 
positive t0 satisfy the above 1 relationship. { 
c. p 22 '·~f order 2, Q of' order 2 
Define P 22 = (as+b)(cs+d) 
Q= (es+f)(gs+h) 
p12= k 
q• and q" defined as in previous cases. 
·, 
,'; 
7 
. ·,,.,I 
'l' .l 
J 
'• 
, •. 
,·, 
... 
17 
The order of Q should not exceed that ef q by more 
than one i£ g is to be expandable in the form of Equation q 
{19). If this condition is met, the synthesis isi possible. 
Substituting into Equation (22) yields: 
2 2 · 2 Dacs +s adD+cbD-k A+ bdD-k B 
2 
-(as+blles+d)D+k (As+B) _ Y22b= -D(es+f){gs+hj 
- D(es+F gs+h) 
Once more, y 22b certainly will be R-C if its numerator is 
given a zero at the origin by letting: 
bdD-k2 B = 0 
which is always possible. 
The zeros and poles of y 22b must alternate. Hence, 
f' 2 h ( adD+cbD-k A 
- (g e Dae 
f <! d k 2A < !! or - + - -e C Dae g 
Now, i:f 
! ·< !?. + ~ < !! e a c g 
It can be seen that A can always be found positive to 
satisfy the above relationships. 
d. Higher orders cases 
(1) P22 of order J, Q of order 1 
Impossible, because the order 0£ P22 cannot be larger 
than the order of Q by more than one unit. 
I' 
_ ... ____________ __ 
', '·,~ ' 
=----'~H·r-;•,;-•,~.-
1-_,~ . . 
... •, 
: : r'i;, I 
I. 
' . 
.1 
" 
... 
(2) . P 22 of order ) , 'Q c,f. order- 2 
Define P22 = (as+b)(cs+d)(ms+n) · 
Q = (es+:r)(gs+h) 
P12", q', and q" defined as in previous cases. 
Substituting into equation (22) yields: 
Y22b= 
- as+b cs+d ms+n D+k2 As+B)~ 
--D es+:C gs+h 
-
Dacms
3
+s
2 
mbcD+madD+nacD +s bdmD+nbcD+nadD-k2A 
-D ( es +f') ( gs+h) 
2 bdnD-k B 
+ -D(es+r)(gs+h) 
+ 
18 
As has been seen before, y 220 may be given a zero at 
the origin without violating R-C requirements. 
2 bdnD - kB= 0 (2J) 
The remaining second order polynomial may be 
written as: 
s +-a+ - + - s+ + -- + - O 2 (b d n) (bd nb nd k 2A J 
c m ac am me - Dacm - •. J ·( 24) 
,fhe sum of the two roots, s 1 and s 2 , of' this equation1 
is: 
One may make the arbitrary choice: 
b 81 - - -a 
d n (25) 82 - - - - -- C Ill 
·~· ._Ill~~ 
. . - - . - - -. .~ _' .U ' ··-: -~·.....:......:_~ 
• ~- -- . --•• i I _i: _ _ 
19 
The product of these roots, s 1 s 2 , then must equal the 
constant term of equation (24). Hence: 
bd bn 
-+- = ac am 
which yields: 
nd k 2A 
- -
bd bn nd 
+ + ac am me 
me Dacm = 0 
-
(26) 
The constants A, B, and D may always be selected such 
that they are positive and will satisfy equations \2J) 
and l 2t>). However, the following inequalities, based \ 
upon equation (25), must be satisfied to make this 
realiz·ation possible. 
.':·•;.: ·:. 
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SUJDfARY 
pl2 
If Y12 = Q has a single jtc, axis zero, and the 
zeros of Qare on the negative real axis (but not at 
p22 
the origin); then a Y22 = Q, with its zeros on the. 
20 
riegative real axis, may be synthesized simultaneously 
with Y12 by a Linvill structure, by the methods and under 
the further restrictions reviewed below. 
,_ ... _ 
' I 
a. p22 and Q of' order 1 
"' (1) Always possible without restriction. 
b. p22 of' order 2, Q of' order 1 
(1) The algebraic sum or the roots 0~ 
P22 must be less than the root of Q. 
c. P22 and Q of order 2 
(1) The algebraic sum of the roots or P
22 
must be less than the largest root o~ 
Q and greater than the smallest root 
of Q. 
d. P22 o~ order 3, Q of order 2 
(1) One root 0£ P must be located between 22 
both roots 0£ Q and the algebraic sum 
of the two other roots must be less 
than the smallest root of Q. 
Ii 
.... 
\ 
11 
:.j'".J 
-" 
,:;.'.'~ .: : .. 
•.Q. I~ 
.... ,. . I 
,_. 1·~ 
.j 
21 
CONCLUSIONS 
It has been shown, that while four non R-C, positive-
real functions cannot be realized simultaneously using the 
Linvill configuration, it is possibl-e, under R-C 
restrictions for both driv-ing-point immi ttances, to 
realize four short-circuit admittances simultaneously. 
· Also, under certain restrictions, it has been shown 
that, by using a Twin.-Tee network in the structure, a 
single jw axis transmission zero is realizable 
simultaneously with one driving-point admittance. 
j 
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APPENDIX A 
The Negative-Impedance 
·~ 
l 
I,' • 
•,' 
-: 
Converter 
I. ,. 
', ._,,,. 
,~- .,,· .·· 
I~.-.. 
_:l .. '· I 
:::J ,· I 
,J 
::J 5- ,' ~ 
iii _I) .1 
- El' 111 : 
' i 
• • • ~ .-• ... ;_: -·- ·- .• < • • ' •. ,. " ' • 
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A negative-impedance converter (abbreviated as NIC) 
is an active two port whose. input immittance is the negative 
of its load immittance. Such a two port satisfies the 
following relationships: 
··If k=l, the NIC is called the current-inversion 
NIC labbreviated INIC). The voltages at port 1 and 2 
are identica.!., while the current into port 1 and thef:J current 
out o~ port 2 are equal and opposite. lFig. lA) 
. If k=-1, the NIC is called the voltage-inversion 
NIC (VNIC). The same current flews through the device, 
while the voltages across the two ports are equal and 
_opposite. 
I, 12 
... 
--
.. Voltage- or - -
-
~ 
current- . 
.. 
• • inversion 
negative-
impedance 
-
-
- converter 
Fig. Al 
.. }- ... ·--
• 
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APPENDIX B 
An Example of the Simultaneous Realization 
j 
i 
• I 
i 
,,, 
,., 
,· 
"'--=-: - .. 
·.~· 
and 
Then 
Realize, using the Lill.Vil! s true tu.re:. 
~
7 (s+2)~s+2) 
yll = · ls+3)ls+6) 
_ -\s+1Jls+2) 
-
\s+J)ts+o) 
Define: P11 = ls+2)(s+5J 
P 22 = (s+l){s+4J 
Q = \s+J){s+6) 
1 q' = k' ls+l) 
with k' and k" negative 
p -k Ip t q ti 11 12 
-
-
(s+l)ls+2i 
r12 = ls+J)ls+6J 
_ ls+l}{s+4J 
-
\s+J){s+6) 
P12 = ls+l)ls+2) 
P12' = ls+l) 
p12" = \s+2J 
1 
q" = k" {s+2) 
I~ 
• 
k'2 (s+2)(s+5)-k" \s+l)ts+2) 
ls+J){s+o) 
and similarly: k"2 (s+l)(s+4)- k,(s+l)(s+2) P -k"P "q' 22 12 
- (s+J){s+6) 
Substitute 
k'2 
A and k"2 B - -k" - k' 
which yields 
k' - v3: 
and k" - w -
Then 2 2 s +7s+lo-Afs +Js+2) 
-Y11a= {s+3) s+6) 
.. ~ 
25 
, 
Choose A= B = -0.1 
which yields k' = k" = -0.1 
The.zeros of y are located at lla 
s = -2 and s = -4.6:, 
The zeros of Y22b are located at 
8 - -1 and s - -J.82 -
Now de:fine q' - -lO{s+l) 
qH 
- -10{s+2) 
.. 
Therefore, q = 100 {s+l){s+2) 
~ may now be expanded q 
I -
~ _ (s+J)(s+6) _ 
q - 100{s+l){s+2) - 9 
.2s s 
.o + 10(s+2) - lO(s+l) 
Thererore 
yllb = .09 + ·~!s 
_ 1 ls 
- s+l 
Expansion of ylla and Y22b 
(s+4.6JHs+2~ _ Y11a= l.l (s+3 s+6 - .567 + • 28 + s+J 
(s+J.82~(s+l) Y22b= 1 • 1 (s+)) s+6) = • 233 + 
.JJ,Js 
s+6 
26 
Combining the results obtained so far, both networks 
A <1and B can be described by their three short-circuit 
admittances. 
., ,f . 
., 
_t 
! 
' !
I 
I 
! 
i.J : 
~'.:!'f.·: i't I . 
. J rJ . _-:.\ 
'=' 
<;_ •• 
u [: 
~ 
. . 
Network A 
Network B 
-
-
-
-
1 ... ••• 
Y12·b -
= 
-0.1 
.ls 
s+l 
-0.1 
.233 
+ 
•
0
-·. 2s 
.+ s+) 
+ 
.02s 
s+2 
.2s 
s+) 
+ .JJ~s 
s+6 
I· 27 
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}( 
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s·YNTHESIS 
For convenience, add .1 to both y 22a and Yllb• 
'There:fore, 
= -0.1 
1 .ls 
= • + s+l 
.02s 
= .19 + 
s+2 
Y12b = -0.l 
+ • 3J3s 
s+6 
J .2s .oo'}s Y22b = • 2J + s+J + s+6 
Synthesis now can be performed easily and tae 
resulting network appears in Fig. Bl. 
;;, 
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NETWORK R E A L I Z I N G S I M U L T A N E O U S L Y 
5 
• Dl,6 
yll 
y21 
_ t••2}fs+2) 
- s+)) s+6) 
_ -(s+l)(s+2) 
- (s+3)(s+6) 
y12 _ ls+l.J\s+2J. 
- (s+JJ(s+6) 
y ts+li~s+4l 22 =s+J s+6 
(Values in Ohms and ~arads) 
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APPENDIX C 
R-C Twin-Tee Network 
:.--:'·'-.. . 
.:---
I • 
;,__-;, :," 
~-I ._Pi 
4-;;; 
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' 
"_ :~ 
·G:b •Ji I 
) 
1 
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The transfer admittance Y12 of the·R-C Twin~--Tee 
ot Fig. Cl is given by: 
. . 
where 
y 
-,12 
= 4R1 C 
l k - .......... 
- 2R 
h 
- 2R C 1 1 
h2 - RC -
(2) 
In terms~ of the circuit elements, Y12 becomes 
1 
2R 
2 2 2RR1 C s +l 
1+2R1 Cs 
C 2 1 
- - ~s +a2c1 
- 2 
s+ _R_C_ 
1 
,. 
The Twin-Tee structure is symmetrical; thus, 
R (CR 2) 2 2 s 1 + 
Jl 
The numerator has a zero at s 2 = - RC, which may be 
1 substituted in the previous equation to give: 
-
C 2 
-s + 2 
2 
s+C R 
1 
(Cl) 
I 
., :i). 
. ,. 
9, 
- " 
:, 
J 
D 
~111,:-il 
:::!] " 
:, 
o,i,,: 
:, 
,-.,;,, 
"'' 
. ·=-'~· 
Schematic of 
. ~' 
C 
R 
R, 
Fig. 
tb.e 
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APPENDIX D 
.. 
Realization 0£ Two Parameters 
:.~ . 
, .. 
·.~ 
·,·,j 
Realize by the Linvill structure 
q 
-
-
_ 2(s 2+1} , 
yl 2 ._... - ( s + 1 J { s + 6 J 
_ (s-t:_2)(s+J) 
- (s+l)(s+6) 
Define p12 2(s 2 +l) = 
.. 
p22 - {s+J){s+2) -
Q 
- (s+l)(s+6) 
q'q" has to be determined first, 
as to make y 22b R-C. 
Define 
Then 
q' = -{As+B) 
q" = -D 
pl2 ' - s -
p12 fl - 2 -
in such 
1 •. 
' ., .,. .. ~ 
.. ;' 
2 
+1 
a manner 
2 p q"-P "q' 22 12 
_ -ts 2 +2s+6!D+4\As+BJ 
- -D{s+l)(s+b) q'Q 
2 
_ ~ D+st5D-4Al+OD-4B 
Y22b - D s+l)(s+6) 
Choosing A= 2 
B = 9.55 
D = b .b6 
.. 
will give an expansion o.f .::y,22b such that its constant 
term will be equal to y12b (simplifying the realization 
as shown in Fig. D1.). 
Hence: 
= J + .2s + .:2!_ 
• s+l s+t> 
,_ . 
. I 
.... ..-.,. '. 
. ' 
'' 
" 
,· 
''.!''',\" 
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:· ~ 
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·11 
~,· 1. - . "11· 
.,r:ri.-
1<: ii 
..-.,r· 'I .. 
. ,\ 
O• ' I ....... : 
i,'. II ',· 
~ ~ :i 
I 
Ill 
:--~· I 
'" ' ·::· ·, 
l ,, 
. ~Tr." ;, 
... ·,J I 
··ll-
_1 
= ,.:. 
•. I 
) 
,_,.; 
·~.: .... 1• 
\ 
q, q', and q" can now be computed. 
q' = -(As+B) = -l2s+9.55) 
'Q" = -D = -6.66 
q = 6.66 (2s + 9.55) 
y12b can now be determined 
2 
= = -0.J 
-b.bb 
I'. 
:~ 
Expressing y 12a as outlined in Appendix C makes 
the design of the Twin-Tee possible. 
which yields: 
k = .1048 
hl = .209 
h2 = 4f)71j 
l+s2 
= -.1048 l+.20 
The Twin-Tee element values may be selected to be 
R = 4.'7tl ohms 
C = 1 :farad 
R1 = .1045 ohms 
c1 = .UHJ5 farad 
35 
Substitution of these values into equation Cl yields: 
Y11a = 
C 2 
-s + 2 2 
- .5s +Js+.2 
- s+4.78 
·~,: 
.1 • 
·,.1··· •.•. . ~ ""' 
. .... ,·-· 
-~ . .-· 
.;,, .. 
. i; .. 
Expanding ylla' 
4 2.5s = .10 5 + .5s + s+4.78 
g (s+l}(s+6) 
q = 6.b6{2s+9.55) = 
which yields: 
Y22a 
= .0945 + .075s + .O~Jis 
s+ • 78 
= 0 
. ......::-
2 2s Adding .1045 + .5s + s:4.?S to both yllb and y22a 
to account for the poles of the Twin-Tee which must be 
present in y 228 , yields: 
- .109 + .575s + 2 •27Js 
- s+4.78 
. t.i1 
are; 
For convenient synthesis of the, networks, add~ .191 
to both yllb and y 22a. Now both networks may be described 
~,,.,, _by their admittance parameters as: 
:Ill., 
·~. 
.. ~ 
/ 
Y12a 
Y22a 
NETWORK A 
= Y11a 
Twin-Tee 
- Y12a . 
Twin-Tee 
Y22aTw. T +.1955 - in- ee 
NETWORK B 
2.az,s Y11b = .)+.575s+ s+ .78 
Y12b - -o.:, 
Y22b .)+ 
.2s 
+ ~ - s+l s 
The ·networks A and B can be now synthesized to 
yield the circuit of Fig. D2. 
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